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Abstract

Mundell II argues that a fixed exchange-rate regime (currency union) can

improve welfare by promoting international risk sharing when aggregate shocks

are asymmetric and labor is immobile. This paper reexamines Mundell II

in a two-country monetary model by comparing a fixed exchange-rate regime

with a flexible exchange-rate regime. Using a mechanism-design approach, the

Kareken–Wallace indeterminacy is eliminated endogenously. Fixing exchange

rates facilitates risk sharing but may also reduce the unified future value of cur-

rencies relative to their separate values. Mundell II holds for a class of power

utility functions, but for general preferences, neither regime is unambiguously

optimal.
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1 Introduction

More than twenty-five years after its launch, the euro has become a resounding success

in terms of public acceptance, with support reaching record highs in recent surveys

(Dreher et al. [3]). Yet academic debate persists on whether the euro area consti-

tutes an optimal currency area. Critics, both in early skeptical writings (Eichengreen

[4]; Feldstein [5]) and more recent analyses (Beck and Okhrimenko [1]; Grimm et al.

[9]), continue to invoke optimal-currency-area (OCA) theory of Mundell [17], namely,

asymmetric shocks, limited labor mobility, and the absence of substantial fiscal trans-

fers, to argue that the euro area falls short of traditional optimality criteria. These

recent studies acknowledge the endogeneity of OCA criteria (Frankel and Rose [7]);

that is, by fostering trade and cycle synchronization, a currency union potentially

makes it optimal ex post. The finding, however, is that endogeneity has been limited

in the euro area, with persistent asymmetries.

Popular support alongside enduring theoretical concerns motivates a closer look

at Mundell’s own argument for the euro. As clarified by McKinnon [16], Mundell

[18] advanced a distinct view—Mundell II, purporting that a common currency can

actually enhance welfare by improving international risk-sharing when conventional

OCA conditions are not met. Mundell II thus provides a potential microfounded

rationale for why the euro might succeed despite theoretical concerns.

The Mundell II argument has remained a minority view. To resolve the Kareken–

Wallace [12] indeterminacy, early attempts (e.g., Ching and Devereux [2]) rely on

auxiliary assumptions such as currency-specific utility weights or cash-in-advance

constraints. These assumptions mechanically favor the unified currency once mul-

tiple monies are eliminated, raising doubts about whether the risk-sharing benefit

survives a cleaner modeling of multiple currencies.

This paper provides the first mechanism-design examination of Mundell II that

endogenously resolves the Kareken–Wallace [12] indeterminacy without imposing ex-

ogenous home-currency biases. In a two-country version of the Lagos and Wright

[14] model with aggregate asymmetric shocks, I compare flexible exchange rates with

fixed exchange rates (equivalent to a unified currency) under their respective optimal

incentive-compatible trading protocols. Domestic trade occurs in pairwise meetings,

where portfolio-dependent core selection (Zhu and Wallace [26]; Hu et al [10]) endo-

genizes no currency substitution and supports high output.
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I find two opposing effects of fixing exchange rates. The risk-sharing effect—the

core of Mundell II—arises when the unified future real value of currencies suffices

to incentivize efficient current production, while separate future values under flex-

ible rates fall short in the unlucky country. The countervailing value-losing effect

emerges when current relative marginal utilities and costs differ across countries:

flexible rates would assign higher value to the currency of the currently attractive

country—the country with the higher current consumption–production surplus, but

a fixed rate forces a common value determined partly by the less attractive country,

reducing the overall real return on money holdings. For power utility functions, pair-

wise consumption–production conditions are identical across countries at the efficient

allocation, eliminating value loss. For general preferences, however, neither regime

dominates.

Mundell II, therefore, offers a partial microfounded justification for currency unions

such as the euro. True, a common currency provides an insurance channel absent un-

der pure floats, but it also introduces an endogenous value-losing cost: a common

real return dragged down by the worse-off country’s fundamentals. This theoretical

trade-off may be mapped to the real world. The insurance channel delivers tangi-

ble benefits and stability, contributing to the popular support for the euro. At the

same time, the value-losing effect echoes familiar “one-size-fits-all” critiques of ECB

monetary policy during periods of divergence. On a general level, this paper revisits

the theory of currency unions from a monetary perspective in the spirit of Mundell

[18], providing a complement to the recent fiscal-integration approach emphasized by

Farhi and Werning [6] and rooted in the tradition of Kenen [13].

2 The model

There are two countries, 1 and 2. Each is populated by a nonatomic unit measure of

infinitely-lived people and has its own currency. Each date has two stages; each stage

has a produced and perishable good. Each person enters a date with a portfolio m =

(m1,m2) ∈ R2
+, where mk is the amount of currency k, i.e., country k’s currency, for

k ∈ {1, 2}. Then, three shocks, two idiosyncratic shocks and one aggregate shock, are

realized. One idiosyncratic shock determines a person to be a producer or a consumer

at stage 2 for that date with equal probability. Another determines a constant fraction
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λ of consumers in each country to be tourists at stage 2 for that date.1 The aggregate

shock determines the current aggregate state; there are I aggregate states. The

transition of states follows a Markov chain with a positive transition matrix π = (πij).

At stage 1, everyone can produce and consume a linear good, i.e., one’s utility from

consuming q is q and from producing q is −q. At stage 2, a producer produces and a

nontourist consumer consumes in the home country; a tourist consumes in the foreign

country and returns home at the end of the date; and real international trade consists

solely of tourism. When the current (aggregate) state is i ∈ {1, 2, ..., I}, the utility

of a consumer who consumes q ≥ 0 in country k is uik(q) ≡ θiku(q) and the disutility

of a producer who produces q in country k is cik(q) ≡ ρikc(q), where θik, ρik > 0,

u(0) = c(0) = 0, u′ > 0, u′′ < 0, c′ > 0, c′′ ≥ 0, βu′(0) > c′(0), and β is the discount

factor. Each person’s period utility is the sum of his stage-1 utility and stage-2

utility; he maximizes expected discounted utility. Refer to α = (θi1, ρi1, θi2, ρi2)
I
i=1 as

the shock vector and represent the aggregate shock by (π, α).

Stage 1 has a worldwide competitive market for everyone to trade the two cur-

rencies and the linear good. where the exchange rate, i.e., the relative price of two

currencies, is either flexible or fixed. When the exchange rate is fixed, as is standard,

the government of each country is committed to supply unlimited amounts of its own

currency. I normalize the fixed value of the exchange rate as unity.

Stage 2 has a domestic market in each country to trade the stage good, where

each consumer randomly meets a producer in each stage-2 domestic market. For a

pairwise meeting, let (q, κ, ι) denote a generic outcome, where q is the producer’s

output, κ is the consumer’s payment in the producer’s home currency (i.e., currency

k), and ι is the payment in the producer’s foreign currency; the consumer who holds

the portfolio m and the producer who holds m′ follow a trading rule, denoted f , to

select an outcome

fik(m,m′) ≡ (yik(m,m′), κik(m,m′), ιik(m,m′)). (1)

3 Equilibrium

I limit consideration to stationary equilibria in that when i is the current state,

the amount of goods ϕik spent in the current stage-1 market to acquire one unit of

1The tourism shock introduces minimal real international trade. As it turns out, it does not
affect the main results.
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currency k depends only on i. Refer to ϕ = (ϕi1, ϕi2)
I
i=1 as a stage-1 price vector.

The (gross expected) rates of return from carrying currency k into the coming stage-1

market is

ζik = Ei(ϕjk/ϕik),

where Ei stands for the expectation made at state i. As is well known, linearity of

the stage-1 good implies that the continuation payoff wik(m) for a country-k resident

who leaves the current stage 2 with the portfolio m takes the form

wik(m) = β(m1ϕi1ζi1 +m2ϕi2ζi2) + Aik (2)

for some constant Aik; moreover, by (2), ζik cannot exceed 1/β in any equilibrium.

I further concentrate on equilibria satisfying no currency substitution, which is

represented by that at the end of stage 1 of each period, currency k is only carried

by people who trade in country k at stage 2. It is convenient to denote by η(bk) a

portfolio b = (b1, b2) of currencies with bl = 0, l ̸= k. Let η(m′
ik) and η(mik) be the

portfolio held by producers in country k and the portfolio held by consumers who

will consume in country k after stage-1 trade, respectively. Given the price vector ϕ

and the trading rule f(see (1)), η(m′
ik) and η(mik) must be the best response to each

other, i.e.,

η(mik) ∈ arg max
m=(m1,m2)

{−mkϕik −mlϕil + uik(yik(m, η(m′
ik))) (3)

+ β[mk − κik(m, η(m′
ik))]Eiϕjk + β[ml − ιil(m, η(m′

ik))]Eiϕjl}

and

η(m′
ik) ∈ arg max

m′=(m′
1,m

′
2)
{−m′

kϕik −m′
lϕil − cik(yik(η(mik),m

′)) (4)

+ β[m′
k + κik(η(mik),m

′))]Eiϕjk + β[m′
l + ιil(η(mik),m

′))]Eiϕjl.

It is convenient to normalize the stock of currency k as 0.5 under the flexible

exchange-rate regime (the flexible-rate regime hereafter), and the stock of two cur-

rencies as unity under the fixed exchange-rate regime (the fixed-rate regime hereafter).

So for the stage-1 market clearing, the money-bond regime requires

mik +m′
ik = 1, (5)
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and the money-only regime requires∑
k
(mik +m′

ik) = 2. (6)

The discipline imposed on the trading rule f is that the trading outcome it assigned

to any meeting is in the meeting-specific pairwise core—notice that the core is well

defined given the price vector ϕ.

Definition 1 A flexible-rate (fixed-rate, resp.) equilibrium is a pair of a positive

stage-1 price vector ϕ and a stage-2 trading rulef such that (3) and (4) are satisfied

when (5) holds all (i, k) ( (6) and ϕi1 = ϕi2 hold all i, resp.) and that for every state i,

country k, and portfolios (m,m′), the outcome fik(m,m′) lies in the meeting-specific

pairwise core (defined using the continuation values implied by the price vector ϕ).

When comparing the two exchange-rate regimes, our welfare criterion weights all

people equally at the initial date prior to stage-1. With linearity of the stage-1 good

, welfare then depends only on consumption and production at stage 2. I refer to a

vector y = (yi1, yi2)
I
i=1 ∈ R2I

+ as an allocation, where yik is stage-2 output of country

k in state i. I refer to the allocation y∗ which is determined by

u′
ik(y

∗
ik) = c′ik(y

∗
ik) (7)

all (i, k) as the efficient allocation. An allocation y is an equilibrium allocation if

it is supported by an equilibrium, i.e., there exists an equilibrium satisfying yik =

yik(mik,m
′
ik) all (i, k).

2

Following Hu et al [10], I focus on parameter values of the discount factor β for

which the efficient allocation can be an equilibrium allocation. The comparison of

the two exchange-rate regimes comes down to comparing the corresponding parameter

spaces of β.

Remark 1 A Definition-1 equilibrium can be implemented by the following game.

In stage 1 of each period, all people play a Shapley-Shubik [22] market game. There

are two trading posts. The stage-1 good is the numéraire and two currencies are

traded in different posts. Under fixed exchange rates, prior to opening of the trading

posts, the governments stand ready to exchange the two currencies at the fixed rate

on demand.
2The tourism shock (fraction λ), which introduces real international trade, does not appear in

any equilibrium condition. Indeed, it does not affect the monetary channels or results.
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In stage 2 of each period, when a consumer holding m meets a producer holding

m′ in country k at state i, they have two rounds of moves. At round 1, the two

persons simultaneously say Yes or No. If both say Yes, then they move to round 2;

otherwise autarky is reached (i.e., (q, κ, ι) = (0, 0, 0)) and the meeting is resolved. At

round 2, the consumer proposes a trading outcome and then the producer says Yes

or No. If Yes, then the trading outcome is the consumer’s proposal; otherwise, the

trading outcome is fik(m,m′).

Remark 2 The stage-2 game form is used in Hu et al. [10]; this game form is in-

troduced by Zhu [25] for the same purpose, i.e., to implement a trading outcome in

the pairwise core. When the mechanism designer—a planner with limited enforce-

ment power—can be present in a finite number of meetings per period to act as an

arbitrator, agents may call for arbitration if they wish to deviate from the prescribed

outcome. In equilibrium, however, no agent ever calls for arbitration because the

prescribed outcome already lies in the meeting-specific core.

4 Conditions to support the efficient allocation y∗

I begin with necessary conditions for an equilibrium (ϕ, f) to support the efficient

allocation y∗. Let u∗
ik = uik(y

∗
ik), c

∗
ik = cik(y

∗
ik), d

∗
ik = u∗

ik − c∗ik, c
∗
i = 0.5

∑
k c

∗
ik, and

d∗i = 0.5
∑

k dik.

Consider a consumer with η(mik) and a producer with η(m′
ik) in a country-k

meeting at state i. The producer leaves stage 1 with η(m′
ik) only if

m′
ikϕik ≤ −c∗ik + β[m′

ik + κik(η(mik), η(m
′
ik))]Eiϕjk; (8)

that is, the (discounted) future value of all money accumulated by him at stages 1

and 2 must cover his cost of producing y∗ik plus stage-1 cost to acquiring m′
ik. Also,

the consumer leaves stage 1 with η(mik) only if

mikϕik ≤ u∗
ik + β[mik − κik(η(mik), η(m

′
ik))]Eiϕjk; (9)

that is, his utility of consuming y∗ik plus the future value of any unspend money must

cover his stage-1 cost to acquiring mik. Summing over (8) and (9), we have

ϕik ≤
d∗ik

mik +m′
ik

+ βEiϕjk; (10)
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that is, the consumer-producer joint meeting surplus plus the future value ofmik+m′
ik

must cover their joint stage-1 cost to acquiring mik +m′
ik.

The subsequent analysis is to draw for each regime from condition (8) a lower

bound on the future value βEiϕjk of currency k so that a country-k producer is

willing to bear the cost c∗ik of producing y∗ik at stage 2, and from (10) an upper bound

on βEiϕjk so that a consumer who is to consume in country k at stage 2 is willing to

bear the cost mikϕik of acquiring mik units of currency k at stage 1.

For the lower bounds on βEiϕjk, I first apply βEiϕjk ≤ ϕik (the rate of return of

currency k cannot exceed 1/β) to (8) so

c∗ik ≤ βκik(η(mik), η(m
′
ik))Eiϕjk. (11)

Because the payment κik(η(mik), η(m
′
ik)) is bounded above by mik, (11) gives rise to

c∗ik ≤ βmikEiϕjk; (12)

that is, the future value of currency k carried by the consumer must cover the pro-

ducer’s stage-2 cost of production. Given (12), the stage-1 market-clearing conditions

(5) and (6) require

c∗i1 ≤ βEiϕj1, c
∗
i2 ≤ β(1 + ri)Eiϕj1 (13)

for the flexible-rate regime and

c∗i ≤ βEiϕj1 (14)

for the fixed-rate regime.

For the upper bounds on βEiϕjk implied by (10), I first consider the flexible-rate

regime.

Lemma 1 Let πij(t) denote the t-step transition probability from state i to j. Let

vik(β) =
∑
t≥1

∑
j

βtπij(t)d
∗
jk, (15)

x∗
ik = d∗ik + vik(β). (16)

If y∗ is supported by a flexible-rate equilibrium (ϕ, f), then ϕik ≤ x∗
ik and βEiϕjk ≤

vik(β).

Proof. Suppose y∗ is supported by a flexible-rate equilibrium (ϕ, f). Let a map-
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ping H : {x = (xi1, xi2)
I
i=1 : x ≥ ϕ} → R2I be defined by

Hik(x) = d∗ik + βEikxjk.

Apparently, H is a contraction mapping. By (10) and the stage-1 market clearing

condition (5), ϕik ≤ d∗ik + βEiϕjk so H(ϕ) ≥ ϕ. Because H(x) ≥ H(ϕ) for x ≥ ϕ, it

follows from the contraction-mapping theorem that H has a unique fixed point x◦,

i.e.,

x◦
ik = d∗ik + βEix

◦
jk (17)

and x◦ ≥ ϕ. By repeated substitution, (17) yields

βEix
◦
jk = vik(β). (18)

Comparing (16) with (17), we conclude from (18) that x◦ = x∗.

Lemma 1 tells that for the flexible-rate regime, when i is the current state, x∗
ik is

the maximal possible current value of currency k (i.e., the maximal possible current

stage-1 price of currency k) and vik(β) is the maximal possible future value of currency

k. Notice that both x∗
ik and vik(β) are exogenous because they are completely pinned

down by the terms of d∗ik. One might anticipate that the terms of d∗ik also pin down

the upper bound on βEiϕjk for the fixed-rate regime. This is the case but the upper

bound takes a more complicated form.

Lemma 2 There exist greatest vectors ν = (νi)
I
i=1 and δ = (δi)

I
i=1 that satisfy

νi(β) =
∑
t≥1

∑
j

βtπij(t)δj (19)

and

δi = min{d∗i ,max{νi(β), c∗i }min
k

(d∗ik/c
∗
ik)}, (20)

and νi(β) is strictly increasing and continuous in β. Let

z∗i = δi + νi(β). (21)

If y∗ is supported by a fixed-rate equilibrium (ϕ, f), then ϕi ≤ z∗i and βEiϕj ≤ νi(β),

where ϕj is the common value of ϕj1 and ϕj2.

Proof. Existence of ν(β) and δ and properties of δ are shown in the appendix.

Now suppose y∗ is supported by a fixed-rate equilibrium (ϕ, ξ) and let a mapping
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G : {z = (zi)
I
i=1 : z ≥ ϕ◦ ≡ (ϕi)

I
i=1} → RI be defined by

Gi(z) = max
(bi1,bi2)

[min
k

(d∗ik/bik) + βEizj] (22)

s.t. bi1 + bi2 = 2 and c∗ik ≤ βbikEizj all k.

By (10) and the stage-1 market clearing condition (6), ϕi ≤ mink(d
∗
ik/mik)+βEiϕj so

G(ϕ◦) ≥ ϕ◦. Because G(z) ≥ G(z′) for z ≥ z′, it follows from the Tarski fixed-point

theorem that G has a greatest fixed point z◦ and z◦ ≥ ϕ◦. Let

∆i = min{d∗i , βEiz
◦
j min

k
(d∗ik/c

∗
ik)} (23)

and let b◦ik denote the optimal bik for the problem in (22) when z = z◦. We claim

min
k

(d∗ik/b
◦
ik) = ∆i, (24)

which is verified in the appendix. By (24) and Gi(z
◦) = z◦i ,

z◦i = ∆i + βEiz
◦
j . (25)

By repeated substitution, (25) yields

βEiz
◦
j =

∑
t≥1

∑
j

βtπij(t)∆j. (26)

By constraints in (22), βEiz
◦
j ≥ c∗i so in particular βEiz

◦
j = max{βEiz

◦
j , c

∗
i }; plugging

this into (23), we have

∆i = min{d∗i ,max{βEiz
◦
j , c

∗
i }min

k
(d∗ik/c

∗
ik)}. (27)

Comparing (19) and (20) with (26) and (27), we conclude that βEiz
◦
j = νi and

∆i = δi. Then comparing (21) with (25), we conclude that z◦ = (z∗i )
I
i=1.

Lemma 2 tells that for the fixed-rate regime, when i is the current state, 2z∗i is

the maximal possible current value of two currencies (which is also the twice of the

maximal possible common stage-1 price of both currencies) and 2νi(β) is the maximal

possible future value of two currencies. A simple but useful observation from (20) is

δ ≤ d∗ ≡ (di)
∗I
i=1. (28)

Comparing (15) and (16) with (19) and (21), one can further observe from (28) that

z∗i ≤ 0.5
∑

k x
∗
ik (29)
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and

νi(β) ≤ 0.5
∑

k
vik(β), (30)

and the two inequalities become equalities iff δ = d. As it turns out, (29) and (30)

play the key roles in results present in the next section).

Now I can determine the values of the discount factor β that satisfy the lower

bounds on βEiϕjk in (13) and (14) and the upper bounds on βEiϕjk in Lemmas 1

and 2. By (15), vik(0) = 0, vik(1) = ∞, and v′ik(β) > 0; therefore, we have βx(i, k), a

cutoff value of the discount factor for the flexible-rate regime, well defined by

vik(βx(i, k)) = c∗ik. (31)

By (19) and Lemma 2, νi(0) = 0, νi(1) = ∞, and vi(β) is strictly increasing and

continuous in β; therefore, we have βz(i), a cutoff value of the discount factor for the

fixed-rate regime, well defined by

νi(βz(i)) = c∗i . (32)

Lemma 3 Let βx = max(i,k) βx(i, k) and βz = maxi βz(i). The efficient allocation y∗

can be supported by the flexible-rate regime only if β ≥ βx and by the fixed-rate regime

only if β ≥ βz.

Proof. By the aforementioned properties vik(.), the flexible-rate regime can cover

the cost of producing y∗ik, i.e., (13) can be satisfied, only if β ≥ βx(i, k); thus, y
∗

can be supported by the flexible-rate regime only if β ≥ βx. By the aforementioned

properties νi(β) = 0, the fixed-rate regime can cover the cost of producing
∑

y∗ik, i.e.,

(14) can be satisfied, only if β ≥ βz(i); thus, y
∗ can be supported by the fixed-rate

regime only if β ≥ βz.

Next I show that the Lemma-3 necessary conditions are sufficient. To this end,

let me use the following problem to describe (yik(m,m′), κik(m,m′), ιik(m,m′)), the

meeting outcome for a pairwise meeting in country k at state i between a consumer

carryingm and a producer carryingm′, selected by the trading rule f in the supporting

equilibrium.

Problem 1 Fix m∗ ∈ R2I
++ and proceed by two steps.
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Step 1. Determine a meeting outcome (ȳik(m,m′), κ̄ik(m,m′), 0) as follows: if

mk ≥ m∗
ik then let

(ȳik(m,m′), κ̄ik(m,m′)) = arg max
q≥0,0≤κ≤mk

[uik(q)− βκEiϕjk] (33)

subject to −cik(q) + βκEiϕjk ≥ 0; otherwise, let

(ȳik(m,m′), κ̄ik(m,m′)) = arg max
q≥0,0≤κ≤mk

[−cik(q) + βκikEiϕjk] (34)

subject to uik(q)− βκEiϕjk ≥ 0.

Step 2. Let the meeting outcome assigned by the rule f be

fik(m,m′) = arg max
q≥0,0≤κ≤mk,0≤ι≤ml

[−cik(q) + βEi(κϕjk + ιϕjl)] (35)

subject to uik(q)− βEi(κϕjk + ιϕjl) ≥ uik(ȳik(m,m′))− βEiκ̄ik(m,m′)ϕjk.

The outcome fik(m,m′) determined by the step-2 optimization (35) in Problem 1

is in the pairwise core because there is no restriction on which currency can be used in

payments.3 This outcome maximizes the producer’s payoff conditional on not making

the consumer worse off than the trade (ȳik(m,m′), κ̄ik(m,m′), 0) obtained from the

step-1 optimization.

Because of the restriction on the payment, the step-1 optimization turns the pro-

ducer’s home currency as the right currency for the meeting and, hence, endogenizes

imperfect currency substitution (actually no substitution). Indeed, if the consumer

does not carry the right currency, then the step-1 outcome is (0, 0, 0) so that the step-2

optimization gives the producer all surplus from trade; this scheme is borrowed from

Zhu and Wallace [26].4

Conditional on that the consumer carries only the right asset, the step-1 opti-

mization assigns all surplus to the consumer if he carries a sufficient amount of right

currency (sufficiency is measured by m∗
ik) and to the producer otherwise; borrowed

from Hu et al. [10] and Hu and Rocheteau [11], this schemes encourages the consumer

to spend a sufficient amount of real resources to acquire the right asset even when its

3Problem 1 does not represent an extensive game form with two rounds of alternating offers but
it may be understood as a gradual bargaining problem (see O’Neill et al. [19]).

4One may obtain imperfect substitution of currencies by assuming that one currency differs from
another in some fundamental aspect; for example, one currency is harder to counterfeit than another
(see Gomis-Porqueras et al. [8] and Zhang [24] for related models). Our purpose here is to examine
which regime is better when there is no currency substitution and when two currencies do not differ
in any fundamental aspect; the Zhu and Wallace [26] scheme fits this purpose well.
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rate of return is low.

Lemma 4 The efficient allocation y∗ is supported by the flexible-rate regime if β ≥ βx

and by the fixed-rate regime if β ≥ βz.

Proof. For the flexible-rate regime, the supporting equilibrium (ϕ, f) has ϕik

equal to x∗
ik (see (16)) and fas the one in Problem 1 with m∗

ik = 1; for the fixed-rate

regime, the supporting equilibrium (ϕ, f) has ϕi equal to z∗i (see (21)) and fas the

one in Problem 1 with m∗
ik = c∗ik/c

∗
i .

To confirm, consider the flexible-rate regime and the argument for the fixed-rate

regime is similar. Fix a country-k meeting in state i between a consumer who resides

in country l and carries η(mk) and a producer who carries m′ = (0, 0). Let q denote

the output and κ the payment of currency k in the meeting outcome assigned by f .

If mk ≥ 1, then by (33), cik(q) = κvik(β) and u′
ik(q) ≥ c′ik(q), strict only if

c∗ik > mkvik(β); by β ≥ βx, vik(β) ≥ c∗ik so q = y∗ik and the consumer’s payoff from the

meeting outcome is u∗
ik − c∗ik +mkvik(β) + Ail (see (2)). If mk < 1 then by (34), the

consumer’s payoff from the meeting outcome is mkvik(β) + Ail. Because the cost of

carrying mk into the meeting is mkϕik and ϕik > vik(β), it is optimal for the consumer

to leave stage 1 with mk = 1.

5 Results

When the two cutoff values βx and βz in Lemma 3 differ, one regime dominates

another over a range of values of β—the fixed-rate regime dominates if βx > βz.

Proposition 1 Suppose (i) given π, α is not in a measure-zero set in R4, and (ii)

u∗
i1/c

∗
i1 = u∗

i2/c
∗
i2 all i. Then βx > βz.

Proof. By condition (ii), d∗i /c
∗
i = d∗ik/c

∗
ik so max{νi(β), c∗i }mink(d

∗
ik/c

∗
ik) ≥ d∗i .

Then by (15), (19), and (20), we see δ = d and

νi(β) = 0.5
∑
k

vik(β) (36)

all i. Now fix i and let

βx(i) = max{βx(i, 1), βx(i, 2)}.

13



We claim that βx(i) ≥ βz(i) and βx(i) = βz(i) only if βx(i, 1) = βx(i, 2). As verified

in the appendix, given π, βx(i, 1) ̸= βx(i, 2) when α is outside a measure-zero set in

R4. So by condition (i) and the claim, βx(i) > βz(i). Because i is arbitrary, βx > βz.

To verify the claim, suppose βz(i) ≥ βx(i). Then we have

c∗i = νi(βz(i)) ≥ νi(βx(i)) = 0.5
∑
k

vik(βx(i)) ≥ 0.5
∑
k

vik(βx(i, k)) = c∗i , (37)

where the first equality uses the definition of βz(i) in (32), the first inequality uses

strict monotonicity of νi(β) and it is strict if βz(i) > βx(i), the second equality uses

(36), the second inequality uses v′ik(β) > 0 and it is strict if βx(i, 1) ̸= βx(i, 2), and

the last equality uses the definition of βx(i, k) in (31). By (37), the claim must be

true.

Proposition 1 is a formal statement of Mundell II. To understand Proposition 1,

it helps to relate the term dik to the exogenous dividend in a version of the Lucas [15]

asset-pricing model with risk neutrality. Specifically, at state i, d∗ik is the dividend

contributed by country k, d∗i is the unintegrated worldwide dividend, and δi is the

integrated worldwide dividend. In this connection, vik(β) is solely determined by the

dividend stream of country k, and the unified value νi(β) obtained by integrating the

separated values vi1(β) and vi2(β) of two currencies is determined by the integrated

worldwide dividend stream. Integration is costless if the integrated worldwide divi-

dend is equal to the unintegrated worldwide dividend at all states (i.e., δ = d∗) and

is costly otherwise (i.e., δ ≤ d∗ and δj < d∗j some j). Costless integration is ensured

by condition (ii), a condition applicable to a class of functional forms of preferences

(i.e., the functions u and c are power functions).

For the purpose of sustaining the efficient worldwide output, each country must

rely on its own dividend stream to cover its production cost (i.e., vik(β) ≥ c∗ik) under

the flexible-rate regime, while the two countries can share the integrated worldwide

dividend stream to cover the worldwide production cost (i.e., νi(β) ≥ c∗i ) under the

fixed-rate regime. Thus, by integrating vi1(β) and vi2(β) into νi(β), the fixed-rate

regime promotes risk sharing between the two countries—it permits the worldwide

efficiency to be sustained at state i in case that the dividend stream of country k

is not sufficient (i.e., vik(β) < c∗ik) but the integrated worldwide dividend stream is

sufficient (i.e., νi(β) ≥ c∗i ). When integration is costless, we have (36), i.e., (30) holds

in equality. Because existence of i satisfying vik(β) < c∗ik and 0.5
∑

kvik(β) < c∗i is

14



generic, the fixed-rate regime dominates thanks to the risk-sharing effect.

When integration is costly, there is value losing in that the inequality in (30) is

strict, i.e.,

νi(β) < 0.5
∑

kvik(β). (38)

To think of costly integration and the value-losing effect (38), let constraints in (10)

and (12) be binding and m′
ik = 0; then (10) can be written as

ϕik = (u∗
ik/c

∗
ik)βEiϕjk. (39)

Refer to u∗
ik/c

∗
ik as the country k’s pairwise consumption-production condition at state

i; this condition tells how much util gain from consumption can be obtained from per

unit util cost of production in a country k’s pairwise meeting at state i. Then (39)

simply means that people are willing to pay a higher price for currency k in the

stage-1 market at a state if country k has a better pairwise condition at that state.

But fixing exchange rates forces the stage-1 price of each currency to depend on the

worse of the two conditions at the state. So when the two pairwise conditions differ

at a state (i.e., u∗
j1/c

∗
j1 ̸= u∗

j2/c
∗
j2 some j), some country’s dividend at that state is

lost (i.e., δj < d∗j). In general equilibrium, the loss of the current dividend passes to

the future value of currencies, resulting in (38).

With costly integration, which regime dominates is ambiguous. It is best to see

this by a simple example.

Example 1 Let I = 2, (α11, α12) = (α22, α21) all i, and πij = 0.5 all (i, j).

By Lemma 1, vik(β) = βd̄k/(1− β), where d̄k = 0.5(d∗1k + d∗2k). By the structure

of α, maxk c
∗
1k = maxk c

∗
2k and d̄k = d∗1. So by (31), maxk c

∗
1k = βxd

∗
1/(1− βx) or

(1− βx)/βx = min
k

(d∗1/c
∗
1k). (40)

Also by the structure of α, c∗i , d
∗
i , νi(β), and mink(d

∗
ik/c

∗
ik) are all constant in i. So

by Lemma 2,

νi(β) = βmin{d∗i ,max{νi(β), c∗i }min
k

(d∗ik/c
∗
ik)}/(1− β);

then by (32), we have

c∗1 = βz min{d∗1, c∗1min
k

(d∗1k/c
∗
1k)}/(1− βz).
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By d∗1/c
∗
1 ≥ mink(d

∗
1k/c

∗
1k), this implies

(1− βz)/βz = min
k

(d∗1k/c
∗
1k). (41)

It follows from that (40) and (41) that

sign of βx − βz = sign of min
k

(d∗1k/c
∗
1k)−min

k
(d∗1/c

∗
1k).

Proposition 2 In Example 1, set u(q) = q − 0.5q2, c(q) = q, θ11 = θ12 = 1, and

ρ11 < ρ12 < 1. Then when 0.5 > ρ12 > ρ11, βx < βz; when ρ12 > ρ11 > 0.5, βx > βz.

The proof of Proposition 2 is in the appendix. Example 1 consists of ingredi-

ents which would make risk sharing the dominant factor—two countries are ex ante

identical, one country in one state mirrors another country in another state, and the

aggregate shock is transitory. But the value-losing effect can actually dominate even

when the country-specific risk is small (i.e., |ρ11 − ρ12| is small).

6 Concluding remark

Proposition 2 suggests that in general, neither regime would be the optimal way to

manage exchange rates for worldwide production. But what is the optimal way? This

calls for a formulation and analysis of a more general exchange-rate system—an issue

that lies beyond the scope of the present paper and naturally motivates subsequent

research.
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Appendix

Completion of proof of Lemma 2

For existence of ν(β), let ν = (νi)
I
i=1 have νi = βminj[c

∗
j mink(d

∗
jk/c

∗
jk)]/(1− β) all i.

Define a mapping ν 7→ F (ν) from the set {ν = (νi)
I
i=1 : ν ≥ ν} to RI by

Fi(ν) =
∑
t≥1

∑
j=1

βtπij(t)min{d∗j ,max{νj, c∗j} ×min
k

(d∗jk/c
∗
jk)}. (42)

Note that for ν ≥ ν ′, F (ν) ≥ F (ν ′) ≥ F (ν). Then by the Tarski fixed-point theorem,

F has a greatest fixed point, which is ν(β). For monotonicity of ν(.), let β2 > β1

and replace ν with ν(β1) in the domain of F and set β = β2 in (42); then applying

the Tarski fixed-point theorem once more, we get ν(β2) > ν(β1). For continuity of

ν(.), it suffices to consider the case that νj(β) = c∗j for some j. For this case, it

is clear that ν(βn) → ν(β) as βn ↑ β. Setting Fi(ν) = νi, (42) can be written as

linear equations P (β)ν = Q(β) in ν. Because the greatest fixed point of F is also the

greatest solution to the linear equations P (β)ν = Q(β), P (β) is invertible (otherwise

there is a continuum of solutions, none of which can be the greatest). Therefore,

[P (β)]−1Q(β) = ν(β). When βn ↓ β, ν(βn) = [P (βn)]
−1Q(βn) → [P (β)]−1Q(β).

For the claim mink(dik/b
◦
ik) = ∆i, note either b◦ikβEiz

◦
j > c∗ik for both k or

not. If the former, then using b◦ik = b∗ik ≡ d∗ik/d
∗
i and b◦ikβEiz

◦
j > c∗ik, we have

βEiz
◦
j (d

∗
ik/c

∗
ik) > d∗i = d∗ik/b

◦
ik, confirming the claim. So suppose without loss of

generality that b◦i1βEiz
◦
j = c∗i1. Then βEiz

◦
j (d

∗
i1/c

∗
i1) = d∗i1/b

◦
i1 < d∗i1/b

∗
i1 = d∗i and

βEiz
◦
j (d

∗
i2/c

∗
i2) ≥ d∗i2/b

◦
i2 ≥ d∗i2/b

∗
i2 = d∗i , again confirming the claim.

Completion of proof of Proposition 1

To verify non-genericity of βx(i, 1) = βx(i, 2), fix i and define the mapping α 7→ Γk(α)

by Γk(α) =
∑

t≥1

∑
j β

tπij(t)d
∗
jk−c∗ik, where yjk is an implicit function of α determined

by c′jk(yjk) = u′
jk(yjk). Let Γ(α) = Γ1(α)− Γ2(α). Fix j ̸= i. Using

∂Γ

∂θj1
=

∑
t≥1

∑
j

βtπij(t)[u(yj1) + u′
j1(yj1)− c′j1(yj1)]

∂yj1
∂θj1

,

we have
∂Γ

∂θj1
=

∑
t≥1

∑
j

βtπij(t)u(yj1)
∂yj1
∂θj1

.
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Therefore, it follows from

∂yj1
∂θj1

= u′(yj1)[c
′′
j1(yj1)− u′′

j1(yj1)]
−1

that the Jacobian of Γ evaluated at any α has full rank. So the dimension of the zero

set of Γ is 4I − 1.

Proof of Proposition 2

Using y∗1k = 1 − ρ1k, we have d∗1k = 0.5(1 − ρ1k)
2, c∗1k = ρ1k(1 − ρ1k), d

∗
1k/c

∗
1k =

0.5(1/ρ1k − 1), and d∗1 = 0.25[(1− ρ11)
2+(1− ρ12)

2]. So d∗11 > d∗1 > d∗12 and d∗11/c
∗
11 >

d∗12/c
∗
12 = mink(d1k/c

∗
1k). When 0.5 > ρ12 > ρ11, c

∗
12 > c∗11 so mink(d

∗
1/c

∗
1k) = d∗1/c

∗
12.

Thus βx < βz. When ρ12 > ρ11 > 0.5, c∗11 > c∗12 so mink(d
∗
1/c

∗
1k) = d∗1/c

∗
11; moreover,

d∗1/c
∗
11 > d∗12/c

∗
12 iff

(1− ρ11)
2 + (1− ρ12)

2 >
2ρ11(1− ρ11)(1− ρ12)

ρ12
.

Set

ς(a) = (1− a)2 + (1− ρ12)
2 − 2a(1− a)(1− ρ12)

ρ12

for a ≤ ρ12. Now d∗1/c
∗
11 > d∗12/c

∗
12 follows from ς(ρ12) = 0 and ς ′(a) < 0. Thus

βx > βz.
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